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Abstract
New forms of Born-Infeld, D-brane and M theory five-brane actions are
found which are quadratic in the abelian field strength. The gauge fields
couple both to a background or induced metric and a new auxiliary metric,
whose elimination reproduces the non-polynomial Born-Infeld action. This is
similar to the introduction of an auxiliary metric to simplify the Nambu-Goto
string action. This simplifies the quantisation and dualisation of the gauge
fields.
1 Introduction
In string theory, it has proved fruitful to replace the Nambu-Goto action which
gives the area of the string worldsheet with a classically equivalent action involving
a worldsheet metric and a local conformal symmetry [1, 2, 3]. The Nambu-Goto
action is non-polynomial in the string coordinates, whereas the equivalent action is
quadratic in the derivatives of the coordinates, greatly simplifying the analysis and
allowing a covariant quantisation [4]. This has a generalisation for the Nambu-Goto
action for p-branes (proportional to the world-volume), but the resulting theory is
only conformally invariant for the string case, p = 1. The purpose of this paper is to
propose and investigate an action that may play a similar role for the Born-Infeld
theory of electromagnetism, and its D-brane generalisations. The Born-Infeld action
is non-polynomial in the field strength Fµν , but introducing a new intrinsic auxiliary
metric gives a classically equivalent action which is quadratic in Fµν , and which has
a classical conformal symmetry in four dimensions, instead of the two dimensions
for the p-brane world-volume. There are similar actions for the generalisations of
Born-Infeld theory governing the effective worldvolume theories of D-branes [5, 6,
7, 8, 9, 10, 11, 12, 13, 14, 15] and M-branes [16, 17, 18, 19]. As the new actions
are quadratic in Fµν , integration over the gauge fields is straightforward and, just
as in string theory, the focus turns to the integration over metrics. The new action
can be used to dualise the Born-Infeld gauge field in all dimensions, circumventing
the problems arising in other approaches. In particular, it promises to be more
convenient than the action presented in ref. [20, 21] which used an auxiliary tensor
field consisting of a metric together with an antisymmetric part.
2 Actions
We begin with the Born-Infeld action in p+ 1 dimensions [22]
S = −Tp
∫
dp+1σ
√
− det(gµν + Fµν) (1)
where
Fµν = ∂µAν − ∂νAµ (2)
is the field strength of a U(1) gauge field Aµ, µ, ν = 0, . . . , p are space-time indices
and gµν is the space-time metric. We now show that the action (1) can be rewritten
in a form which is quadratic in the field strength F , and is therefore simpler to
analyse and quantise. The key is to use the fact that
det(gµν + Fµν) = det(gµν − Fµν) (3)
to write the integrand in (1) in the form
[− det(gµν + Fµν)]
1
2 = [det(gµν + Fµν)]
1
4 [det(gµν − Fµν)]
1
4
= (−g)
1
4 {− det [(gµν + Fµν)g
νρ(gρσ − Fρσ)]}
1
4
= (−g)
1
4 [− det(gµσ − g
νρFµνFρσ)]
1
4 , (4)
1
where g ≡ det(gµν). The action (1) can thus be rewritten as
S ′ = −Tp
∫
dp+1σ(−g)
1
4 (−G)
1
4 , (5)
where
Gµν = gµν − g
ρσFµρFσν (6)
and G ≡ det[Gµν ]. Introducing an intrinsic metric γµν allows us to rewrite (5) in the
following classically equivalent form which is quadratic in the gauge field strength
Fµν
S ′ = −T ′p
∫
dp+1σ(−g)
1
4 (−γ)
1
4 [γµνGµν − (p− 3)Λ]
= −T ′p
∫
dp+1σ(−g)
1
4 (−γ)
1
4 [γµν (gµν − g
ρσFµρFσν)− (p− 3)Λ] , (7)
where γ ≡ det(γµν) and Λ is a constant. For p 6= 3, the γµν field equation implies
γµν =
1
Λ
(gµν − g
ρσFµρFσν) (8)
and substituting back into (7) yields the action (5), which is identical to the Born-
Infeld action (1). The constants Tp, T
′
p are related by
T ′p =
1
4
Λ
p−3
4 Tp. (9)
For p = 3, the four-dimensional action (7) is invariant under the Weyl transfor-
mation
γµν → ω(σ)γµν (10)
and the γµν field equation implies
γµν = ΩGµν (11)
for some Ω, which is found by taking traces of both sides; this gives
γρσ
(
gρσ − g
κδFρκFδσ
)
γµν = 4 (gµν − g
ρσFµρFσν) . (12)
Substituting this back into (7) gives (5), which is identical to the Born-Infeld ac-
tion (1), so that (1) and (7) are classically equivalent.
This can be generalised to the D-brane kinetic term
S = −Tp
∫
dp+1σe−φ
√
− det(gµν + Fµν) (13)
where
Fµν ≡ Fµν −Bµν , (14)
φ, gµν and Bµν are the pullbacks to the worldvolume of the background dilaton,
metric and NS antisymmetric two-form fields and F = dA, with A the U(1) world-
volume gauge field. This action gives the effective dynamics of the zero-modes of
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the open strings with ends tethered on a D-brane when F is slowly varying, so
that corrections involving ∇F can be ignored, and has therefore played a central
role in recent studies of D-brane dynamics and string theory duality [24]. How-
ever, the non-linearity of (13) makes it rather difficult to study. In particular, the
action (13) is inconvenient for the purpose of quantisation, and its dualisation has
proved rather difficult [8, 10, 25, 26, 28, 27]. It is therefore useful to know classically
equivalent, alternative forms of this action which have a more tractable dependence
on the spacetime coordinates X or on the field strength F . In ref. [21], we obtained
an alternative form of (13) which is linear in F and quadratic in derivatives of X
by introducing an auxiliary worldvolume tensor with both symmetric and antisym-
metric parts, and discussed the dualisation of the worldvolume gauge field in this
approach [21, 23]. Here, we give an alternative form of (13) that is quadratic in F .
As before, introducing an intrinsic metric γµν allows us to rewrite (13) in the
classically equivalent form
S ′ = −T ′p
∫
dp+1σe−φ(−g)
1
4 (−γ)
1
4 [γµνGµν − (p− 3)Λ]
= −T ′p
∫
dp+1σe−φ(−g)
1
4 (−γ)
1
4 [γµν(gµν − g
ρσFµρFσν)− (p− 3)Λ] , (15)
where the tensions Tp, T
′
p are related as in eq. (9).
The energy-momentum tensor Tµν can be defined from the form (15) of the
D-brane kinetic term by
Tµν ≡ −
1
T ′p
1
(−γ)
1
4
δS
δγµν
(16)
and we find
Tµν = (−g)
1
4
{
−
1
4
γµν [γ
ρσ (gρσ − g
κτFρκFτσ)− (p− 3)Λ] + gµν − g
ρσFµρFσν
}
. (17)
This is traceless (i. e. γµνTµν = 0) if p = 3 as a result of the Weyl invariance (10),
and the equation Tµν = 0 implies the field equation of the metric (8) or (11).
The low-energy effective action for an open type I string includes the terms given
by (13) with p = 9, but with gµν , Bµν the space-time metric and anti-symmetric
tensor gauge field (rather than their pull-backs) [26], and can be rewritten in the
equivalent form (15) with p = 9. The dimensional reduction of the type I string
action (13) to p+1 dimensions gives the action for a D-p-brane in static gauge (and
with vanishing RR gauge fields), with the 9+1 vector field A giving rise to a vector
and 9−p scalars Xi on reduction. The reduction of the form (15) of the action then
gives a useful form of the static-gauge D-p-brane action which is quadratic in A,X .
We now turn to the reduction of (15) from 9+1 to p+1 dimensions. We use
the notation that hatted quantities are ten-dimensional, so µˆ = 0, . . . , 9, while µ =
0, . . . , p and i = p+1, . . . , 9. Then the vector field Aµˆ = (Aµ, Xi) gives a vector and
9 − p scalars Xi. We choose (for simplicity) a flat space-time metric gˆµˆνˆ = ηµˆνˆ and
vanishing 2-form Bˆµˆνˆ , and make the following Ansatz for the metric γˆµˆνˆ :
γˆµˆνˆ =
(
γµν + C
i
µC
j
νγij C
j
µγij
Ckνγkj γij
)
. (18)
3
Then the metric γˆµˆνˆ gives, as usual, a p + 1-dimensional metric γµν , 9 − p vector
fields C iµ and (9 − p)(10 − p)/2 scalar fields taking values in the coset GL(9 −
p, R)/SO(9− p). The inverse of (18) is
γˆµˆνˆ =
(
γµν −Cµi
−Cµj γij + C iργ
ρσCjσ
)
(19)
and its determinant is
det γˆµˆνˆ = det γµν det γij. (20)
Setting Fij ≡ 0 and Fµi ≡ ∂µXi, this gives the following static gauge D-p-brane
action which is quadratic in both F and ∂X i:
S ′ = −T ′p
∫
dp+1σe−φ [− det γµν det γij]
1
4
[
γµν(ηµν + η
ij∂µXi∂νXj + η
ρσFµρFνσ)
+2CµiFµρ∂σXiη
ρσ + (ηij + C iυγ
υτCjτ )(ηij + η
ρσ∂ρXi∂σXj)
−(p− 3)Λ] . (21)
This quadratic action should be a convenient starting point for the study of D-p-
brane dynamics, taking into account the Born-Infeld corrections.
The methods above can also be applied to the M-theory five-brane action [16, 17].
In the PST formulation, the kinetic part of the action is
S = −T5
∫
d6σ
√√√√√− det

gµν + i gµρgνλ√
−g(∂a)2
K˜ρλ


−
T5
4
∫
d6σ
1
(∂a)2
K˜µνHµνρg
ρλ∂λa (22)
where
K˜µν ≡
1
6
ǫµνρλστHρλσ∂τa (23)
with Hµνρ = 3∂[µbνρ] the field stength of the self-dual two-form tensor gauge field
bµν propagating on the world-volume, a denotes the PST scalar [16] and
(∂a)2 ≡ gµν∂µa∂νa. (24)
Introducing an intrinsic metric γµν as before, the action (22) can be rewritten in the
classically equivalent form
S = −T ′5
∫
d6σ(−g)
1
4 (−γ)
1
4
[
γµν
(
gµν −
gµρgνσgλτK˜
ρλK˜τσ
g(∂a)2
)
− 2Λ
]
−
T5
4
∫
d6σ
1
(∂a)2
K˜µνHµνρg
ρλ∂λa (25)
This is quadratic in the field strength H and thus is more convenient for gauge field
quantisation in the background gµν than (22).
4
3 Dual Actions
The dualisation of the form (7) of the Born-Infeld action can be achieved via the
addition of a Lagrange multiplier term imposing eq. (2). Consider the action
S = −T ′p
∫
dp+1σ
{
(−g)
1
4 (−γ)
1
4 [γµν (gµν − g
ρσFµρFσν)− (p− 3)Λ]
+2H˜µν
(
Fµν − ∂[µAν]
)}
, (26)
where H˜µν is a tensor density and F is regarded as an independent field. Integrating
out H˜µν sets F = dA and yields the original action (7). Alternatively, integrating
out Aµ imposes the constraint
∂µH˜
µν = 0 (27)
which can be solved in terms of a (p− 2)-form A˜,
H˜µν =
1
(p− 1)!
ǫµνργ1...γp−2∂[ρA˜γ1...γp−2], (28)
where ǫµνρ... is the alternating tensor density. Now F is an auxiliary two-form oc-
curing quadratically in the action and can be integrated out. The field equation for
Fµν is
(−g)
1
4 (−γ)
1
4 (γµρgνσ + γνσgµρ)Fσρ = 2H˜
µν , (29)
where H˜µν is given by the solution (28), and the Gaussian integration amounts to
solving this for Fµν and substituting the solution F [gµν , γµν, H˜
µν ] in the action (15).
This gives the dual action S[gµν , γµν , H˜
µν ]. In principle, an equivalent dual action
SD[gµν , H˜
µν ] can then be obtained by integrating out the auxiliary metric γµν , but in
practice this procedure is difficult to carry out explicitly because of the non-linearity
in the worldvolume metric of eq. (29) and of the action S[gµν , γµν , H˜
µν ].
Defining the matrices
fµ
ν = Fµρg
ρν , hµ
ν = (−g)−
1
4 (−γ)−
1
4gµρH˜
νρ, βµ
ν = 2 (gµργ
ρν − δµ
ν) , (30)
the equation (29) can be written as
h = f + {β, f} ≡ (1 + Lβ)f (31)
where for any matrices X, Y , the operator LX is defined by
LXY ≡ {X, Y }. (32)
Then (31) can be inverted to give
f = (1 + Lβ)
−1 h =
(
1− Lβ + L
2
β − L
3
β + . . .
)
h
= h− {β, h}+ {β, {β, h}} − {β, {β, {β, h}}}+ . . . . (33)
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Substituting this solution for F back in (26) gives
S = −T ′p
∫
dp+1σ
{
(−g)
1
4 (−γ)
1
4 [γµνgµν − (p− 3)Λ]
+2(−g)
1
4 (−γ)
1
4 tr
[
h(1 + Lβ)
−1h
]}
= −T ′p
∫
dp+1σ
{
(−g)
1
4 (−γ)
1
4 [γµνgµν − (p− 3)Λ]
+2(−g)−
1
2 (−γ)−
1
2 H˜µσMµρνσH˜
νρ
}
, (34)
where the tensor Mµνρσ is defined by
tr
[
h(1 + Lβ)
−1h
]
= hµσMµρνσh
νρ (35)
(where hµσ = gµτhτ
σ) and is given to lowest orders by
Mµνρσ = γµκgντ
[
δκρδ
τ
σ − Σ
τ
ρΣσ
κ + ΣαρΣ
τ
αΣσ
βΣβ
κ − ΣαρΣ
β
αΣ
τ
βΣσ
δΣδ
κ
+ΣαρΣ
β
αΣ
δ
βΣ
τ
δΣσ
ǫΣǫ
λΣλ
κ + . . .
]
, (36)
where
Σµν ≡ gνργ
ρµ (37)
and Σµ
ρ denotes the inverse of the matrix Σµρ. The auxiliary metric γµν occurs
algebraically and can in principle be eliminated using its equation of motion, giving
γµν as a function of gνρ and H˜
µν . Although this is hard to do explicitly, it can be
done perturbatively, giving γµν to any desired order in H˜
µν .
The dualisation of the action (15), which is classically equivalent to the D-brane
kinetic term (13), proceeds in a similar way. Consider the action
S = −T ′p
∫
dp+1σ
{
e−φ(−g)
1
4 (−γ)
1
4 [γµν (gµν − g
ρσFµρFσν)− (p− 3)Λ]
+2H˜µν
(
Fµν − 2∂[µAν]
)}
. (38)
Integrating out H˜µν yields the original action (15). Alternatively, integrating over
Aµ imposes the constraint (27), which is solved in terms of a (p − 2) form A˜ as
in (28). Now F is an auxiliary two-form occuring algebraically. The field equation
for Fµν is
(−g)
1
4 (−γ)
1
4 (γµρgνσ + γνσgµρ) (Fσρ − Bσρ) = 2H˜
µν , (39)
where H˜µν is given by the solution (28).
Defining the matrix
f˜µ
ν ≡ (Fµρ −Bµρ) g
ρσ (40)
the equation (39) can be written as
h = f˜ + {β, f˜} = (1 + Lβ)f˜ (41)
where the matrices h, β and the operator Lβ are defined as in (30) and (32). This
can be inverted to give
f˜ = (1 + Lβ)
−1h = h− {β, h}+ {β, {β, h}} − {β, {β, {β, h}}}+ . . . . (42)
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Substituting this solution for F back in (26) gives
S = −T ′p
∫
dp+1σ
{
(−g)
1
4 (−γ)
1
4 [γµνgµν − (p− 3)Λ] + 2H˜
µνBµν
+2(−g)−
1
2 (−γ)−
1
2 H˜µσMµρνσH˜
νρ
}
, (43)
with the tensor Mµνρσ defined as in (36).
4 Conclusion
In this paper, we have presented new forms of Born-Infeld as well as D-brane and
M theory five-brane kinetic terms which are quadratic in the abelian gauge field
strength. The gauge fields couple both to a background or induced metric gµν and
to a new intrinsic metric γµν , and both of these world-volume metrics appear in the
action in a remarkably symmetric way. These actions could play an important role in
the quantisation of Born-Infeld theory and of the static gauge effective world-volume
theories of D-Branes and M-Branes, similar to the role played in string theory by
the actions of ref. [1, 2, 3, 4].
The dualisation of the U(1) gauge fields is achieved by adding a Lagrange term
imposing the constraint (2), and the dual action is quadratic in the field strength of
the appropriate dual potential. The dual action involves an infinite power series in
the auxiliary intrinsic metric, which can be eliminated perturbatively.
The four dimensional action (7) with p = 3 has a classical Weyl invariance (10),
which is closely related to that of the string. Quantum mechanically, this will be
anomalous [29, 30]. We hope to return to a discussion of this anomaly elsewhere,
but we note here that it is trivial to generalise our action to that for a theory of N
abelian vector fields and Nd scalars Xi, and it is intriguing that it may be possible
to choose the numbers N, d to take critical values that give a cancellation of the
conformal anomaly, generalising the critical dimension of string theory.
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